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Abstract 
Ferrero, M., Y. Lequain and A. Nowicki. A note on locally nilpotent derivations, Journal of 
Pure and Applied Algebra 79 (1992) 45-50. 
Let R be a commutative reduced, Z-torsion free ring. Let d and S be two locally nilpotent 
derivations of R which commute, a an element of R. We prove that the derivation ad + 6 is 
locally nilpotent if and only if d(a) = 0. 
Introduction 
Let R be a ring and d a derivation of R. We say that d is locally nilpotent if for 
any (Y E R there exists a positive integer IZ such that d”(a) = 0. Locally nilpotent 
derivations play an important role in commutative algebra and algebraic geome- 
try, and several problems may be formulated using locally nilpotent derivations. 
In particular, they play an important role in the Jacobian conjecture. 
It is well known [2-41 that the Jacobian problem is equivalent to the problem of 
local nilpotence of some C-derivations in the polynomial ring @Lx,, . . , xn]. The 
*This research was partially supported by Conselho National de Desenvolvimento Cientifico e 
Tecnol6gico (CNPq), Brazil and Coordena@o de AperfeiGoamento de Pessoal de Nivel Superior 
(CAPES), Brazil. 
0022-4049/92/$05.00 0 1992 - Elsevier Science Publishers B.V. All rights reserved 
46 M. Ferrero et al. 
problem is still open even for the two-variable case C[x, y]. If d = a/ax and 
6 = a/ay are the partial derivatives in C[.x, y], then every @-derivation A of 
@[x, y] has the form A = ad + b6, where a and b are uniquely determined 
elements of C[x, y]. The derivations d and 6 are locally nilpotent and they 
commute. It now appears to be of interest to get necessary and sufficient 
conditions on a and b for A to be locally nilpotent. 
In this paper, R is a commutative ring with an identity element and d and 6 are 
two locally nilpotent derivations which commute. We consider the question of 
finding necessary and sufficient conditions on a and b for ad + b6 to be a locally 
nilpotent derivation of R. We give the following partial answer that includes the 
cases b=O and b=l. 
Theorem. Let R be a commutative, reduced, H-torsion free ring, d and 6 two 
locally nilpotent derivations which commute and b E R such that 6(b) = d(b) = 0. 
Let A be the derivation ad + b6 with a E R. Then A is locally nilpotent if and only 
if d(a) = 0. 
1. Results 
Let R be a commutative ring and d a derivation of R. Let Nil(d) := { LY E 
R: d”(a) = 0 for some n 2 O}. We denote by N the set of all nonnegative integer 
numbers. 
Definition 1. The function deg, from R to FV U {-cc, a} defined as follows: 
(i) deg,(a) = r if d’(a) # 0 and d’+‘(a) = 0, where r 2 0, 
(ii) deg,(a) = m if d’(a) # 0 for every r P 0, 
(iii) deg,,(O) = --co 
is called d-degree. 
The function deg, behaves like the usual function degree over a polynomial 
ring. 
Lemma 2. (i) Let a,/3 ENil(d). Then 
deg,(M) 5 deg,(a) + de&(P) 
and the equality is valid if R is a domain of characteristic zero. 
(ii) Let cr,/3 E R. Then 
deg,(a + P> 5 max{deg,(a), deg,,(P>) 
and the equality is valid if deg,(a) #deg,(P) 
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Proof. (i) If (Y = 0 or /3 = 0, the result is clear. If (Y # 0 and p # 0, put deg,(a) = 
n and deg,(P) = m. We have 
d “+n’+‘(ap) = c (i, j)d’(a)d’( /3) = 0, 
r+,=n+m+l 
where (i, j) is the combinatorial number ( ‘T’). Therefore, deg,(ap) 5 n + m. 
We also have d”+” (a/3) = (n, m)d”(a)d”(P), which is not zero if R is a domain 
of characteristic zero. Thus in this case we have deg,(@) = n + m. 
(ii) This is clear. 0 
Proposition 3. Let R be a domain of characteristic zero, d and 6 two locally 
nilpotent derivations which commute, b E R such that d(b) = 6(b) = 0. Let A = 
ad + 66, where a E R and d(a) # 0. Let CY be an element of R such that d(a) # 0. 
Then A”(a) # 0 for every n 2 0. 
Proof. More precisely, we will prove that d(A”(a)) # 0 for every n 2 0. First, note 
that it suffices to prove the result for n = 1; indeed, we can then apply it 
inductively to the element A”P’(~). 
Now we consider two cases: 
Case I: Suppose that deg,(a) 2 deg,(b) + 2. (This includes the case b = 0.) 
Look at the d-degree in the equality A(a) = ad(a) + ha(a). We have 
degAad(a)) =de&4 + degA44) 
= deg,(a) + deg,(a) - 1 
2 max{ 1, deg,(b) + deg,(cY) + l} . 
Since d and 6 commute, we have 
deg,(Wa)) = deg&) + ds,(GN 
5 d%,(b) + deg,@) 
< max{l, deg,(b) + deg,(cY) + l} 
So, by Lemma 2, we have 
deg,(A(a)) = deg,(ad(a)) 2 1, 
and in particular, d(A(cr)) # 0. 
Case II: Suppose that deg,(a) < deg,(b) + 2. We then have b # 0, deg,(a) = 1 
and d*(a) = 0. 
Let i 2 1; if we apply d’ to the equality A(a) = ad(a) + bS(a), we obtain 
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d’(A(a)) = id(a)d’(a) + ud’+‘(a) + bd’(6(a)). 
In particular, if r 2 1 denotes the d-degree of cr, we have 
d’(A(a)) = rd(a)d’(a) + bd’(6(u)) 
= rd(a)d’(a) + blqd’(a)) . 
Now look at the &degree in the last equality. We have 
deg&W~W) = deg,(4a)) + deg,(d’(a)) 
and 
deg,(ba(d’(u))) 5 deg,(d’(a)) - 1 
d’(A(a)) # 0 and consequently d(A(a)) # 0. 0 
We are now in a position to prove the theorem. 
Proof of the Theorem. Assume that d(a) = 0. Then A and d commute. Let (Y E R 
and let k be an integer such that A’(d”(a)) = 0 for some integer s 2 0. (There 
exists indeed such a k, since, d being locally nilpotent, we can even have 
dk(cr) =O.) Set p = A”(d”p’(a)). We h ave d(P) =O, hence A(p) = ad(P) + 
b6(P) = b?i(P) and, by induction, A’(p) = b’6’(@) for every i 2 0. Since 6 is 
locally nilpotent, there exists ~120 such that 0 = S”(p), hence such that 0 = 
b”6”( p) = A”( j?) = A”+Y(dXm’(Qo). Thus Ar(dkm’(cx)) = 0 for some I 2 0. Repeat- 
ing the argument k times we obtain that A’(a) = 0 for some t 2 0. Consequently A 
is locally nilpotent. 
For the converse we first assume that R is a domain of characteristic zero. If A 
is locally nilpotent, d(u) = 0 follows from Proposition 3. In fact, if d(u) f 0, we 
have A”(u) # 0 for every n P 1, a contradiction. 
Assume now that R is a reduced, Z-torsion free ring and that A is locally 
nilpotent. In this case, by extending the derivations to Q@, R we may assume 
that R is a reduced Q-algebra, where Q is the field of rational numbers. Thus, 
there exists a family (P,),, , of minimal prime ideals with n rE,, P, = 0. We know 
that in this case D(P,) c P,, for every derivation D of R, i E A [l, Lemma, p. 131. 
So, we have the induced derivations d, 8 and a = tia + 68 on RIP, which is a 
domain of characteristic zero. Therefore, d(Z) = 0, since 2 is locally nilpotent. 
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Consequently, we have d(a) E Pi, for all i E A, and so d(a) = 0. 0 
Remark 4. We have actually proved that the condition ‘d(a) = 0’ implies the 
condition ‘A is locally nilpotent’ for any commutative ring R. For the inverse 
implication however, none of the hypotheses ‘R is reduced’ and ‘R is Z-torsion 
free’ are superfluous as the following two examples show. 
- Let R = Q[X] /(X3) = Q[X]; it is a Z-torsion free ring, but has some nilpotent 
elements. Let d be the derivation of R defined by d(X) = X’ and let A = Xd. 
Both derivations d and A are locally nilpotent even though d(X) # 0. 
- Let p 2 3 be a prime integer, [F,, the field with p elements and R = F,][X]. The 
ring R is a domain, but is not Z-torsion free. Let d be the derivation of R defined 
by d(X) = X’ and let A = X”-’ d. Both derivations d and A are locally nilpotent 
even though d(Xpm2) # 0. 
As an immediate consequence of the Theorem we have the following corol- 
laries: 
Corollary 5. Let R be a reduced, U-torsion free ring, d and 6 locally nilpotent 
derivations of R and A = ad + b6, where a,b E R, 6(b) = d(b) = 0. Then, the 
following conditions are equivalent: 
(i) A is locally nilpotent, 
(ii) d(u) = 0, 
(iii) do A = Aod, 
(iv) doA = Aod(a). Cl 
Corollary 6. Let K[x, y] be the polynomial ring in two indeterminates over a 
reduced, Z-torsion free ring K. Let f E K[x, y], b E K and let A be the K- 
derivation of K[x, y] defined by A(x) = f and A(y) = b. Then A is locally nilpotent 
if and only if f E K[y]. 
Proof. Put d = alax and 6 = alay and apply the theorem. 0 
Remarks. (1) If d(b) = 6(b) = 0, then it was shown in the Theorem that A = 
ud + 66 is locally nilpotent if d(u) = 0. If we have only 6(b) = 0, then in general, 
the condition d(u) = 0 is not sufficient to obtain that A is locally nilpotent. For 
example, the derivation A = y(a/i~x) + x(J/ay) of the polynomial ring Q[x, y] is 
not locally nilpotent since A”‘+‘(x) = y for every n 2 1. 
Based on numerous specific examples, we conjecture that if 6(b) = 0, then the 
condition d(a) = 0 is necessary for A to be locally nilpotent. 
(2) For A = ud + b6 to be locally nilpotent, it is certainly not necessary that 
6(b) = d(a) = 0. For example, 0 = ad - ad with d(a) # 0 is locally nilpotent. Less 
trivially, A = ad + bd with d(u) = -d(b) # 0 is locally nilpotent provided that d is 
locally nilpotent, since A = (u + b)d and d(a + 6) = 0. 
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Note added in proof. It is not hard to see that if R is a reduced Z-torsion free ring, 
d is a locally nilpotent derivation of R and b E R is invertible, then d(b) = 0. 
Therefore, the Theorem includes the case in which b is invertible in R. 
Acknowledgment 
The authors are grateful to the referee for suggestions which have helped them 
to write the final version of this paper. 
References 
[l] I. Kaplansky, An Introduction to Differential Algebra (Hermann, Paris, 1957). 
[2] P. Nousiainen and M.E. Sweedler, Automorphisms of polynomial rings and power series rings, J. 
Pure Appl. Algebra 29 (1983) 93-97. 
[3] A. Nowicki, Commutative bases of derivations in polynomial and power series rings, J. Pure Appl. 
Algebra 40 (1986) 275-279. 
[4] D. Wright, On the Jacobian Conjecture, Illinois J. Math. 25 (1981) 423-440. 
